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Abstract
In this paper, we use some extension of the Cayley-Hamilton theorem to find a family of
matrices with integer entries that satisfy the non-linear Diophantine equation xn + yp = zq
where n, p and q are arbitrary positive integers.
Main results
In [1] we have proved the following extension of the Cayley-Hamilton theorem.
Theorem 1 Let f(x, y) =
∑n
k=0 akx
kyn−k be any homogeneous polynomial in the two variable
x and y where all the ak are complex and such that an 6= 0. Let A be the companion matrix of
f(x, y), then for all complex numbers r and s, we have f(rA+s(detA)In, rIn+sadjA) = 0 where
In is the identity and adjA is the adjoint matrix of A.
For our purposes, we need the following well-known results concerning polynomials with in-
teger coefficients.
Lemma 2 For any positive integer k, the following relations hold:
(x+ y)6k+1 − x6k+1 − y6k+1 ≡ 0mod
(
xy + x2 + y2
)
(1)
(x+ y)6k+5 − x6k+5 − y6k+5 = 0mod
(
xy + x2 + y2
)2
(2)
(x+ y)6k+1 − x6k+1 − y6k+1
xy + x2 + y2
≡ 0mod f(x, y) (3)
(x+ y)6k+5 − x6k+5 − y6k+5
xy + x2 + y2
≡ 0mod g(x, y) (4)
(x+ y)6k+5 − x6k+5 − y6k+5
(xy + x2 + y2)
2
≡ 0modh(x, y) (5)
where f(x, y), g(x, y), and h(x, y) are polynomials with integer coefficients of order 6k−1, 6k+3,
and 6k + 1 respectively.
1
Now using the preceding lemma and theorem, we prove the following main result.
Theorem 3 The non-linear Diophantine equation xn + yp = zq where n, p and q are arbitrary
positive integers, have an infinite number of non trivial solutions over the square integer matrices.
Proof. Let f(x, y) = xy + x2 + y2 and using the above theorem, we obtain
f(rA+ (detA)I, rI + sadjA) = f(r
[
0 −1
1 −1
]
+ sI, rI + s
[
−1 1
−1 0
]
)
= f(
[
s −r
r −r + s
]
,
[
r − s s
−s r
]
) =
[
0 0
0 0
]
.
Now using identities (1) and (2) in the preceding lemma, we get:
[
r −r + s
r − s s
]6k+1
−
[
s −r
r −r + s
]6k+1
−
[
r − s s
−s r
]6k+1
= 0 for all k ∈ N and r, s ∈ Z.
Similarly, we have
[
r −r + s
r − s s
]6k+5
−
[
s −r
r −r + s
]6k+5
−
[
r − s s
−s r
]6k+5
= 0 for all k ∈ N and r, s ∈ Z.
By choosing r and s any arbitrary integers, we obtain an infinite family of 2× 2 integer matrices
which are solutions to the equation An + Bp = Cq where n, p and q are odd integers such
that npq has the form 6k + 1 or 6k + 5. Then in this case, xnpq + ynpq = znpq can be written
as (xnp)q + (ypq)n = (znq)p to obtain the required solution. Next, notice that by applying the
preceding theorem and taking into account (3), (4) and (5) of the preceding lemma, we can
extend the family of solutions into matrices of sizes (6k − 1)× (6k − 1), (6k + 3)× (6k + 3), and
(6k + 1)× (6k + 1) respectively.
Example 1 Consider the following examples.
1.
[
s −r
r −r + s
]31
+
[
r − s s
−s r
]31
=
[
r −r + s
r − s s
]31
2.
[
−54 27
−27 −27
]11
+
[
−1 2
−2 1
]77
=
[
486 −243
243 243
]7
3.
[
62 −149
149 −87
]10
+
[
−3 8
−8 5
]25
=
[
−14 632 18 357
−18 357 3725
]5
.
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